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Abstract—With neglect of viscous heating and with treatment of each fluid property except specific

weight as constant, the solution for steady axisymmetric natural convection between isothermal con-

centric spheres is obtained. Streamline configuration, velocity and temperature distributions, and both

local and overall heat-transfer rates are discussed and illustrated. Appropriate comparisons are made

with experimental results. Theory and experiment supplement one another; a design example is given in
which both types of results are needed.

NOMENCLATURE
All primed quantities are dimensional; all
unprimed quantities are dimensionless. Paren-
thetical presuperscripts indicate the scripted-
order approximation to the quantity; see equa-
tions (26) and (27).

A, Rayleigh number, ¢'(T; — T,)
RP/(va);

A*, Rayleigh number based on gap
thickness, g'f'(T; — T,) (R, —
R)*/(v);

Ajims Afm,  limiting Rayleigh number; see
Section 3.1;
\ acceleration of gravity;

k', thermal conductivity;

N, overall Nusselt number, Q'(R,
— 1) [4nk(T; — T,) RiR,]™*;

N*, = R(R, — 1)"LN; Rk'~! times

an overall heat-transfer coeffi-
cient defined using the inner-
sphere area;

N, inner-sphere local Nusselt num-
ber, qR(R, — 1) [K'R(T; —
oI

N,, outer-sphere local Nusselt num-
ber, q,R(R? — R,) [K(T; —
)™

t Now at Sandia Corporation, Albuquerque, New
Mexico.
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P,
Q,

qi> s

R, R,
R, R,,

R,
T, T,

T, T,
T.

r

Ve Vr
Vo Vs,

Greek symbol
o,

B,
6,

Prandtl number, v'/o’;

overall heat-flow rate from inner
to outer sphere, energy/time;
local radial heat-flow rates per
unit area at inner and outer
spheres, respectively, energy/
(time—area);

radial coordinate, R = R'/R;;
radii of inner and outer spheres,
respectively ;

radius ratio, R,/R;;

temperature,

T =(T" - THAT - T,);
temperatures of inner and outer
spheres, respectively;
jth-order term in expansion of
T, see equation (8);
R-component of velocity,

Ve = VeRi/o';
f-component of velocity,
Vo = ViRi/o'.

s

thermal diffusivity ;

volumetric coefficient of thermal
expansion;;

colatitude or polar angle,
measured from the upward ver-
tical 8 = 0;
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v, kinematic viscosity;
¥, Stokes stream function, ¢ =
Y HRY;
Wi jth-order term in expansion of

¥, see equation (9).

1. INTRODUCTION

ScanpLan and his colleagues experimentally
investigated the natural convection of air en-
closed between two concentric spheres, each of
which was maintained at a different steady
uniform temperature. Using techniques which
they developed [1], Bishop, Kolflat, Mack and
Scanlan [2] described flow patterns observed
visually and recorded photographically. Tem-
perature distributions, heat-transfer data, and
additional comments on the flow patterns were
presented by Bishop, Mack and Scanlan [3].
To predict the physical behavior for condi-
tions not covered by the experimental work, and
to gain further insight into the nature of the
convective flow phenomena, it is desirable to
have a theoretical analysis of the problem. For a
particular type of transient flow Sevruk [4]
obtained the first temperaturc term and the
first velocity term in series expansions in powers
of the Rayleigh number, but his mathematical
expressions were so unwieldy that he could draw
no physical conclusions. To the authors’ know-
ledge there is available in the literature no
theory which is both pertinent and usable.
Although an unsteady flow (“falling-vortices”
regime)} was observed under certain conditions,
the experimental work [2, 3] indicated that the
flow is both steady and axisymmetric for
sufficiently low temperature differences. Guided
in our assumptions by the experimental results,
we give in the present paper an analysis of
natural convection in the enclosure between
concentric spheres for small differences in their
temperatures. The particular aspects of the
solution which will be discussed include the
range of reliability of the solution, the con-
figuration of the streamlines, the velocity and
temperature distributions, and both local and
overall heat-transfer rates. Where appropriate,
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comparison is made with experimental results.

2. THE PROBLEM AND ITS
SOLUTION

2.1. Governing egquations

We consider steady laminar natural convec-
tion of a fluid enclosed between two concentric
spheres. The temperature of each sphere is
uniform, the inner sphere being the hotter. We
use spherical coordinates and we assume that
all quantities are independent of the longitude
and that the velocity has no longitudinal com-
ponent. All fluid properties are treated as
constants except the specific weight, a property
which appears only in the buoyancy term, but
which term represents the driving mechanism
for the flow.

In terms of dimensionless quantities, the
governing equations are

66T
D% = — ARsi oT  cos
1] A sm@(smt?aR—i- R 50
1. fay o aya\[{ D¥
Zsinglr LYYy PV
+pon (aeax 5R56) (stm?-s’ )
1 (g o oy a)
2 et ab e R —— | —sionr, | i, manminanes
v T“stma(ae R erag) @
oy
= e = () = .
W R atR=1,R, (3)
W -
Y= =0 af=0r @)
T=1 atR=1, 5
T=0 atR=R, (6)
eT
=0 -
=7 atf =0, (7)
where the operators D* D? and V? are given by
_D2(D2)’
a2 1 9> cotf 3
2 vy e s, ittt At i aam s amai
D= rw & &
2 1 2
v2=i+%i+ d cotf 8
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The differential equations (1) and (2) are coupled
and nonlinear. Equation (1) is the vorticity
equation obtained by taking the curl of the
Navier-Stokes equation in order to eliminate
the pressure-gradient term, while (2) is the energy
equation with neglect of viscous heating. Use of
the stream function instead of the R- and
f-components of velocity identically satisfies
the continuity equation. Conditions (3) assure
that both normal and tangential components
of velocity vanish at the surface of each sphere;
conditions (4) assure that the velocity is finite
at the axis of symmetry 6 = 0, = and that the
velocity component normal to this axis vanishes.
The spheres are specified isothermal by condi-
tions (5) and (6), while (7) is necessary for the
divergence of the heat flux to be finite at the
vertical axis (i.e. for the rate of conduction of
thermal energy per unit volume to be finite
there).

2.2. Method of solution

In the present geometry the fluid cannot be
in equilibrium for any non-zero temperature
difference, no matter how small. It is thus
possible to expand the dependent variables T
and ¥ in power series of the Rayleigh number:

T=7% AR 0. (®)
j=0

QO
V=3 AR O) 9)
Substituting equations (8) and {9) into the gov-
erning equations and equating coefficients of
like powers of A, we obtain an infinite set of
uncoupled linear differential equations to be
solved in sequence:

1 0
V2T, = — (&_&_
R*sinf /_4 \ 00 oR
o, 0
*ﬁ@ﬂb(“
oT, cos 80T,
4 : : i-1 i—1
D%y, Rsm@(sm@ 3R + R 60)
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j—1
1. o, & Ay, O
+ﬁ‘“*’2(’éﬂ§ 51?55)

k=1
D%,
e 11
(Rz sin? 0 (D
Boundary condition (5) becomes
T,=1 atR=1; T,=0 atR=1,
izl (1)

while the other boundary conditions are just
equations (3), (4), (6), and (7) with y, T replaced
by i, T, for all j.

2.3. Solution

The first equation to be solved is V2T, = 0
subject to conditions (6), (7) and (12). The
solution,

T,=—(R,— D' +R(R,—D7'R, (13)

gives the well known temperature distribution
for pure conduction.

Substitution of (13) into the right side of (11)
for j =1 gives an equation whose solution
satisfying conditions (3) and (4) is the creeping-
flow result

V= - S(R—f"_—-ﬁ(BlR“ + R*® + B,R?
+ B3R + B,R™Ysin?6,  (14)

where
B, = 2R] — 6RS + 4R} + 4R} — 6R}

+ 2R%)/A4, (15)
B, = (2R? — 12R] + 10RS + 10R} — 12R?

+ 2R3/4,  (16)
B, = (—=3R? + 8R® — 5R] — 5R? + 8R}

—~ 3RY)/A, (17
B, = (R? — 4R® + 6R] — 4RS + R})/4, (18)

A = — 4R® + 9R? — 10RS + 9R® — 4R2.
(19)
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In a similar manner it may be shown that

T, = fi(R)cos b, (20)
¥, = f5(R)sin? 6 cos 6, 1)
T, = fi(R)(3cos’ 0 — 1) + f(R), (22
Y3 = f5(R)(5sin? f cos® @ — sin* )
+ fo(R)sin? 0,  (23)
Ty = fAR)(5cos* 6 — 3cos B)
+ fe(R)cosb.  (24)

Each function f(R), 1 <k <8 isasumofa
number of terms, each of the form R™(In R)"
The coefficients of these terms depend on the
parameter R, and, in general, on P. However,
we note that f; and f,. like the expressions in
equations (13) and (14), are independent of P.
The expressions for the f, are long and are
omitted to conserve space ; details may be found
in the dissertation of Hardee [5].

3. DISCUSSION

For mathematical analysis it is convenient to
use a Rayleigh number A based on the radius
of the inner sphere. For experimental work,
however, a Rayleigh number A* based on the
distance R, — R; between the spheres and
related to 4 by 4* = (R, — 1)*4 is commonly
used.

Although we considered the inner sphere to be
the hotter surface in the formulation of the
problem, the case for which the outer sphere is
the hotter may be obtained from our solution
merely by use of negative values of A.

3.1. Range of reliability of the solution

As a crude measure of the upper bound for
convergence (as opposed to useful convergence)
of the series expansions (8) and (9), we define
Ay, as that value of Rayleigh number for which
the maximum (with respect to position) magni-
tude of any higher-order term in either series
equals the maximum magnitude of the appropri-
ate lowest-order term, T, or Ay,. This value
Aym 1s a function of only R, and P. Numerical
investigation for five values of R, indicated

that, for any Prandt! number in the range
P > 070, A;, decreases monotonically from
about 275 x 10° to about 275 as R, increases
from 115 to 3-00. (Throughout the numerical
computations of this paper, double-precision
methods were found necessary.) This variation
may be expressed roughly by the approximate
empirical relation

Aim ® 3 x 1043 - (R, - D}n 2
m

for 1115 < R, £ 3.00, P = 0-70. (25

For P = 002, Ay, is about 75— of the value
given by equation (25). If it is desired to consider
the Rayleigh number based on gap thickness,
it may be shown that (for P > 0:70) A, de-
creases from about 9300 to about 2200 as R,
increases from 1-15 to 3-00.

The maximum usable Rayleigh number for
the series of equations (8) and (9) to converge
rapidly enough so as to represent accurately
the true T and ¥ when truncated after the terms
for j = 3 was arbitrarily (and probably some-
what conservatively) considered to be approxi-
mately one-third of A4,, We cannot prove
convergence of the series expansions; however,
with A4, defined in the above manner, there is
good indication that the series will converge
and yield reliable results for 4 < A;,,/3.

To give better indication of the reliability
of the solution, we outline an error analysis.
Let ™y and ®T denote the mth approximation
toy and the nth approximation to T, respectively,
where

"y = Y Ay, (26)
=1

OT = Yy AT, 27
i=0

Since the finite approximations are in general
not equal to the true ¥ and T, the quantities
my; and ™T, when substituted for  and T,
will not satisfy the differential equations (1) and
{2) for all R and 6. We define a positive-definite
error measure F,, for equation (1) as the volume
integral over the fluid domain of the absolute
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value of the difference between the two sides
of equation (1) when ™, ™T are used for y,
T; a positive-definite error measure G,, for
equation (2) is similarly defined. The error
measures F,,, and G,, are functions solely of
the system parameters 4, P and R, Con-
vergence of the solution for A < A,,,/3 is
strongly implied by the fact that the net result
of increasing the order of approximation both to
¥ and to T by one is a significant reduction in
the magnitudes of both error measures. (Numeri-
cal illustration is given by Hardee [5].)

3.2. Streamline configuration

To the order in Rayleigh number through
which the solution has been carried, the best
approximation for the stream function is
[see equation (26)]. The streamlines as given by
3 for A = 1000, P = 0-70 (approximately the
value for air), and R, = 2:00 are presented in
Fig. 1. (In order to provide a relatively complete
description of the convective phenomena for a
particular case, we shall use these same values
of the parameters in illustrating other aspects
of the solution in Sections 3.3, 3.4 and 3.5) It is
observed that Fig. 1 shows a single cell of the
“crescent-eddy” type which was photographed
and described by Bishop et al. [2]. The flow is
upward along the inner sphere and downward
along the outer sphere. The center of the eddy,
where ¥ has its maximum value, is seen to lie in
the upper half of the flow region at 0 = 77°,
almost exactly half way between the two sur-
faces. The creeping-flow solution "y, applicable
in the limit of infinitesimal Rayleigh number,
places the center of the eddy at 6 = 90° and
(R — DAR, — 1) = 0:49™ ; the effect of the finite
Rayleigh number (1000) has been to move the
center appreciably upward and very slightly
outward. The upward and outward movement
of the center of the eddy as the Rayleigh number
is increased is in agreement with the experi-
mental observations.

Let us define the “centerline” of the eddy to
be the locus of points at which dy/0R =0 in
the open region 1 < R< R, 0 <f<xn So
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defined, this centerline passes through the
center of the eddy and separates a subregion
with positive ¥, from one with negative V.

Fi1G. 1. Streamlines for A = 1000, P = 0-70, R, = 2-00.

Changing the Prandtl number from 0-70 to
any other value in the range (P > 0-65) for gases
and non-metallic liquids has almost no effect
on the streamline configuration (and hence on
the nature of the velocity distribution). For
flow in the liquid—metal range (P < 0-03),
however, the centerline of the eddy has an
alignment which is rotated somewhat, relative
to the alignment of the centerline for P > 0-65,
the sense of rotation being clockwise with respect
to the viewpoint of Fig. 1.

For values of Rayleigh number greater than
Ajgim/3 yet sufficiently small that the series for ¥
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still appears convergent, we find for R, = 1-15
and P = 070 that a multicellular flow is pre-
dicted in which two secondary cells having a
sense of rotation opposite to that of the primary
central eddy are formed, onenear R = 1,6 = 0°
and the other near R =R, @ = 180°. The
presence of the secondary cells may be in-
dicative of approaching a threshold of flow
instability. With increasing Rayleigh number
each secondary cell expands in size ; it is probable
that at some critical Rayleigh number the
secondary cell at the top of the inner sphere
becomes unstable and expands avulsively to
trans-gap extent, thus triggering a subsequent
unsteady motion. And indeed, the values of the
gap Rayleigh number 4* for which the second-
ary cells are found for R, =115 from our
solution are comparable in magnitude to those
for which unsteady (but apparently periodic)
motion of the falling-vortices type was first
observed experimentally for R, = 1'19 [2, 3].

3.3. Velocity distributions

The velocity components are related to the
stream function by Vi = (R? sin 6)™' dy/06
and ¥, = — (R sin 8)”! &y/0R In Fig. 2, we
plot profiles of ®V; and ¥V, obtained by
differentiating )y in the above manner, for
A = 1000, P = 070 and R, = 2-00. The profile
of Vg is for R = 1-50 (halfway between the
spheres); it is seen that the speed of the radial
outflow at 8 = 0° is more than twice that of the
radial inflow at 8 = 180°. Profiles of ¥, are
shown in Fig. 2 for 6 = n (40°), 1 € n < 4; the
most abvious (though not surprising) feature of
these profiles is that the “‘upflow” speed near
the innmer sphere is much stronger than the
downflow speed near the outer sphere. This
feature is in agreement with the qualitative
experimental observations of Bishop et al. [2].

3.4, Temperature distribution

For 4=1000, P=070, and R, = 200,
Fig. 3 shows profiles of ®'T for 8 = n(40°),
0 < n < 4, as well as the temperature distribu-
tion (T = T) for pure conduction. At any parti-
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cular radial position, | < R < R, the tempera-
ture increases with decreasing 8. The smallness
of the difference in temperature between the
profiles for 120° and 160° implies that the local
heat-transfer rates at both inner and outer
spheres should be relatively independent of #

VELOCITY SCALE

R =241

F16. 2. Velocity profiles for 4 = 1000, P = 0-70, R, = 2:00.

for 120° < # < 180°. The profile for 8° is
predominantly concave downward, whereas
that for 160° is predominantly concave upward.

Although the experimental temperature pro-
files of Bishop et al. [3] for R, = 200 were
obtained for appreciably higher Rayleigh num-
bers so that direct comparison is not meaningful,
we note that their profiles {(see their Fig. 9} also
exhibit the same ordering relative to one another,
the closeness between profiles for 120° and 160°,
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and the predominance of downward concavity
in the profile for 0°.

3.5. Heat-transfer rates

We express q;, 4., and Q' by means of local
and overall Nusselt numbers N, N, and N
defined so as to be the ratios of the appropriate

10
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transfer rate at low Rayleigh numbers is a
higher-order effect.

The local Nusselt numbers N, and ®'N,, are
presented as functions of 8 in Fig. 4 for 4 = 1000,
P =070, and R, = 2:00. In comparison to its
pure-conduction value the local heat-transfer
rate has been increased for 65° < 6 < 180° of

08

06

04

0-2

T

(R-1ARs1)

FiG. 3. Temperature vs. radial position for 8 = n(40°), 0 < n < 4, for A = 1000, P = 0-70,
R, = 2:00.

local and overall effective thermal conductivities
to the actual conductivity. Using Fourier’s law
of conduction, we have

R,—1[ ,oT
Nio=— R, [R 5§]R=1,Ro, (28)
o R =1[[,,0T .
N= - 3R, R 3R R=lom°sm0d0.
0

(29
Our best approximations for these Nusselt
numbers are N, ¥N_, and N, obtained by
performing on T the operations indicated.
Although ®N; and ®N, depend on Prandtl
number through the dependence of T, and T; on
P, BN is identically independent of Prandtl
number. It may readily be shown that the first
effect of P on N is of order A%, so that the in-
fluence of Prandtl number on the overall heat-

the inner sphere and for 0° < 6 < 82° of the
outer sphere, being reduced elsewhere. The
deviation from the pure-conduction rate is
greatest at @ = 0°, the value of ®N, here being
2:66. The smallness of |0®'N, /06| for 120° <
0 < 180° is in agreement with what was inferred
in Section 3.4 from the temperature profiles
for 120° and 160°. The fact that the value of 6
for which the two local Nusselt numbers are
equal is essentially the same as that at the center
of the eddy (see Fig. 1) for this case is a coinci-
dence. For the curves of Fig. 4, we find ®N =
1-12.

From their experimental measurements in
the range 14 x 10* < A* < 25 x 10° and
1-25 € R, < 2-5 with air (P = 0-70) Bishop et al.
[3] developed a correlation for the overall heat
transfer, given in our notation by

N = 0-106 (4*/0-70)°-276. (30)
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30 T T T T

i i i H 1

100 120 140 160 180

8, Degrees

F1G. 4. Inner-sphere and outer-sphere local Nusselt numbers vs. angular position for
A = 1000, P = 070, R, = 200

20 -

= Experiment -1

Fo

F1G. 5. N* vs. R, to illustrate design for minimum heat loss for 4 = 9 x 10%,

P = 0-70. On dashed portion of theoretical curve, Ayn/3 < 9 x 10* < dypm.

Dashed portion of experimental curve [see equation (30)] corresponds to
valugs of A* less than those of the data of Bishop et al. [3].

Although the range of applicability of the
analytical solution and that of the experimental
data show no overlap, we can utilize these
results together in making a design application.
Consider the design of a spherical insulating
flask with specified radius of the inner shell to
operate under a specified temperature differ-
ence between imner and outer shells. Heat
transfer by conduction decreases while convec-

tion increases with increasing gap width. It is
desired to find that radius of the outer shell for
which the heat loss will be minimized. For
specified fluid properties, then, both A and P
are fixed, so that minimizing Q' with respect to
R, is equivalent to minimizing N* with respect
to R, For 4 = 9 x 10* and P = 0-70, we plot
both analytical and experimental determinations
of N* vs. R, in Fig. 5. The dashed portion of the
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experimental curve represents an extrapolation
below the lowest value of A* for which equation
(30) was developed. On the other hand, the
dashed portion of the theoretical curve indicates
that for the corresponding values of R, the
Rayleigh number of 9 x 10* is between A;;,,/3
and Ay;,; for these values of R, the predicted
qualitative behavior should be reliable although
the quantitative predictions may not be accurate.
The analytical solution agrees reasonably well
with the extrapolation of the experimental
result; perhaps more importantly, it also
correctly predicts the trend, for sufficiently
large values of R, of increased heat transfer
with increasing R, a trend observed experi-
mentally for R, > 1-5. It is evident from Fig. §
that the optimum radius ratio for the case
considered is between 1-3 and 1-5. In connection
with the thermal insulation of buildings,
Batchelor [6] estimated in an analogous manner
the optimum spacing of double windows and
double walls to minimize heat loss in winter.

4. CONCLUSION

The solution of the governing equations for
steady axisymmetric convection of fluid en-
closed between isothermal concentric spheres
has been obtained through the terms proportion-
al to the third power of Rayleigh number in the
series expansions of temperature and stream
function. In general the streamline configuration
Is of the crescent-eddy type photographed by
Bishop etal. [2]. For small radius ratios,
however, and Rayleigh numbers approaching
the limit for convergence of the series, local
secondary eddies are noted which are interpreted
to explain the inception of the unsteady falling-
vortices flow observed experimentally [2, 3].
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Velocity and temperature distributions are
illustrated and discussed.

Local heat-transfer rates at both inner and
outer spheres are expressed by means of local
Nusselt numbers whose variation with angular
position is portrayed. The overall heat-transfer
rate is expressed by means of an overall Nusselt
number, upon which the influence of Prandtl
number is a higher-order effect entering only in
terms of fourth and higher even powers of
Rayleigh number. The analytical solution and
the experimental data supplement each other;
one manner in which they can be utilized to-
gether for design purposes is described.
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Résumé—On a obtenue la solution pour la convection naturelle de révolution en régime permanent entre

des sphéres concentriques isothermes, en négligeant I’échauffement visqueux et en considérant comme

constante chaque propriété du fluide sauf le poids spécifique. La configuration des lignes de courant, les

distributions de vitesse et de température et les taux de transport de chaleur locaux et globaux sont discutés

et illustrés. On a fait des comparaisons appropriées avec les résultats expérimentaux. La théorie et I’ex-

périence se complétent 'une I’autre ; un exemple modéle est donné dans lequel on a besoin des deux types
de résultats.
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Zusammenfassung—Unter Vernachlissigung der Reibungserwirmung und unter Annahme konstanter

Stoffwerte mit Ausnahme der Dichte, wurde die Losung fiir stationire achssymmetrische freie Konvektion

zwischen isothermen, konzentrischen Kugeln erhalten. Stromlinienanordnungen, Geschwindigkeits- und

Temperaturverteilungen und sowohl der ortliche als auch der Gesamtwirmeiibergang sind beschrieben

und dargestellt. Entsprechende Vergleiche wurden mit Versuchsergebnissen durchgefiihrt. Theorie und

Versuch ergiinzen einander; in einem angegebenen Auslegungsbeispiel werden beide Ergebnisarten
benotigt.

AmnoTanas—IloxyyeHo pemeHue IS CTAMOHAPHON OCECHMMETDHYHON €CTECTBEHHOM KOH-
BEKIMH MKy HB0TEPMUYECKIMY KOHLIEHTPUYECKIMHU cepaMy IpH YCIOBHH NpeHebpeneHnn
JHMCCHIIATHBHEIM HAarpeBOM U NpH YCIOBMHM MOCTOAHCTBA BCEX CBOMCTB HMIKOCTH, 32 MCKIIIO-
yeHHeM yHeIbHOro Beca. B pabote 06CyAAOTCA ¥ HILTIOCTPHPYRTCA KOHQUrypauun JTuHu
TOKA, pacHpefelieHHsl CKOPOCTH H TEMIEPATYPH, & TAK:Ke JOKAJbHHE ¥ CyMMapHHe TeNoBHe
goroku, [IpoBeileHH COOTBETCTBYIOLME CPABHEHUA C BKCHEPMMEHTAIBHHMH pesyJbTaTaMHM.
Teopusa U SKCIEPUMEHT NONOJHAIT ApPYyr Apyra. IIpMBomMTCA pacyeT, AJIA KOTODOro He-
OGXOUMH KAK TEOPETHYECKHE, TAK ¥ SKCIEPUMEHTANBLHHE PesyIbTATH.



